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Abstract
We study the N = 1 U(N) gauge model obtained by spontaneous breaking of
N = 2 supersymmetry. The Fayet-Iliopoulos term included in theN = 2 action does
not appear in the action on the N = 1 vacuum and the superpotential is modified to
break discrete R symmetry. We take a limit in which the Ka¨hler metric becomes flat
and the superpotential preserves non-trivial form. The Nambu-Goldstone fermion is
decoupled from other fields but the resulting action is still N = 1 supersymmetric.




It was conjectured in [1] that non-perturbative quantities in a low energy effective gauge
theory can be computed by a matrix model. This conjecture was confirmed by [2] for the
case of aN = 1 U(N) gauge theory with a chiral superfield Φ in the adjoint representation
of U(N) . The N = 1 action is obtained from “softly” breaking of N = 2 supersymmetry
by adding the tree-level superpotential∫
d2θTrW (Φ). (1.1)
The group SU(N) is confined and there is a symmetry of shifting the U(1) gaugino by
an anticommuting c-number Wα →Wα− 4πχα . It is called “fermionic shift symmetry”.




for some function F . The fermionic shift symmetry is due to a free fermion and should
be related to a second, spontaneously broken supersymmetry.
Antoniadis-Partouche-Taylor (APT) constructed an U(1) gauge model which breaks
N = 2 supersymmetry to N = 1 spontaneously by electric and magnetic Fayet-Iliopoulos
(FI) terms [3]. (See also [4].) The U(N) generalization was given in [5, 6] , which
is described by N = 1 chiral superfields and N = 1 vector superfields. The Nambu-
Goldstone fermion appears in the overall U(1) part of U(N) gauge group and couples
with the SU(N) sector because of the fact that the 3rd derivatives of the prepotential are
non-vanishing . A manifestly N = 2 formulation of U(N) gauge model [5, 6] with/without
N = 2 hypermultiplets has been realized in [7]. It overcomes the difficulty in coupling
hypermultiplets to the APT model. Partial breaking of local N = 2 supersymmetry was
discussed in a lot of papers [8, 9].
This paper is organized as follows. In section 2, we review briefly a partial breaking
of N = 2 supersymmetry in U(N) gauge model [5, 6] . The resulting N = 1 U(N) action
is derived in section 3. In section 4, we take a limit in which the Ka¨hler metric becomes
flat , while the superpotential preserves its non-trivial form. After taking this limit the
Nambu-Goldstone fermion is decoupled from other fields, but partial breaking of N = 2
supersymmetry is realized as before. We get a general N = 1 action discussed in [1, 2].
It shows that the fermionic shift symmetry is due to the free Nambu-Goldstone fermion.
♯
♯We follow the notation of [10]
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2 Review of the U(N) gauge model
The N = 2 U(N) gauge model constructed in [5] is composed of a set of N = 1 chiral
multiplets Φ = Φata and a set of N = 1 vector multiplets V = V ata, where N × N
hermitian matrices ta (a = 0, . . . N
2 − 1) generate u(N), [ta, tb] = if cabtc. The index 0
refers to the overall U(1) generator. These superfields, Φa and V a, contain component
fields (Aa, ψa, F a) and (vam, λ
a, Da), respectively. This model is described by an analytic
function (prepotential) F(Φ). ♭ The kinetic term of Φ is given by the Ka¨hler potential
K(Φa,Φ∗a) = i
2
(ΦaF∗a−Φ∗aFa), the Killing potential Da = −igabf bcdA∗cAd and the Killing
vector ka = k
b
a ∂b = −igbc∂c∗Da∂b as
LK + LΓ =
∫










where Γ is the counterterm for U(N) gauging. The Ka¨hler metric gab ≡ ∂a∂b∗K(Aa, A∗a) =
ImFab admits isometry U(N). The kinetic term of V is given as
LW2 = − i
4
∫
d2θ2FabWaWb + c.c , (2.2)
where Wa is the gauge field strength of V a. This model contains the superpotential
term LW =
∫
dθ2W + c.c. . The lowest component W (A) = W (Aata) is determined by












so that we get
W (A) = eA0 +mF0, (2.4)
with real constant e and m. Then the total action is N = 2 supersymmetric . Finally,
we add the FI term LD =
√
2ξD0 . This term does not break N = 2 supersymmetry
as in [3, 11]. These parameters e,m, ξ play a key role of partial breaking of N = 2
supersymmetry. (0, e,−ξ) forms the real part of an “electric” FI term and (0, m, 0) forms
the real part of a “magnetic” FI term in [7].
Gathering these together, the total action of the N = 2 U(N) model is given as
L N=2
off−shell
=LK + LΓ + LW2 + LW + LD
♭Fa ≡ ∂aF and Fab ≡ ∂a∂bF , · · ·. The derivatives of the prepotential Fab, Fabc and Fabcd are totally














































































where we have defined the covariant derivative as DmΨa ≡ ∂mΨa − 12fabcvbmΨc for Ψa ∈
{Aa, ψa, λa}, and vamn ≡ ∂mvan−∂nvam− 12fabcvbmvcn. We calculate N = 2 supercharge algebra
in the appendix .
Eliminating the auxiliary fields by using their equations of motion













(Fbcdψdλc + F∗bcdψ¯dλ¯c) , (2.6)
F a= Fˆ a − gab∂b∗W ∗ , Fˆ a ≡ i
4
gab
(F∗bcdλ¯cλ¯d − Fbcdψcψd) , (2.7)
the action (2.5) takes the following form:
L N=2
on−shell


























































































FabcFˆ ∗cψaψb + i
4
























The vacuum condition ∂Lpot/∂Aa = 0 reduces to
〈F00〉 = −e± iξ
m
, (2.14)
where 〈...〉 denotes ... evaluated at Ar = 0 (indices r represent non-Cartan generators).
For the sake of simplicity , we choose + sign in (2.14) and this means ξ
m
≥ 0. It is revealed














We use 〈〈...〉〉 for vacuum expectation values which satisfy (2.14). λ0−ψ0√
2
is the Nambu-
Goldstone fermion and it will be included in the overall U(1) part of the N = 1 U(N)
vector superfield.
The vacuum expectation value of the scalar potential V ≡ −Lpot is 〈〈V〉〉 = 2mξ.
As is pointed out in [5], the second term in the RHS of the local version of N = 2
supersymmetry algebra enables us to add a constant 2mξ to the action (2.8) in order to
set 〈〈V〉〉 = 0. In the formalism of harmonic superspace, this freedom to add a constant
number comes from arbitrariness to choose the imaginary part of the magnetic FI term
in [7]. ♯
3 Resulting N = 1 action
In this section, we obtain the resulting N = 1 action from the N = 2 action (2.8). We
consider the case that U(N) gauge symmetry is not broken at vacua. The spinor fields
ψa and λa are to be mixed and the scalar fields Aa are to be shifted from its vacuum
expectation value.






(λa − ψa), λ+a ≡ 1√
2
(λa + ψa). (3.1)




















































FabcFˇ ∗cλ+aλ+b + i
4










































Here we have used
Fabcλ+aσnσ¯mλ+bvcmn = 0, (3.6)
Fabcdλ+aλ+bλ+cλ+d = 0. (3.7)
























λ+aλ−b + c.c. , (3.8)
Lpot=−1
8
gabDaDb − gab∂aW˜∂b∗W˜ ∗, (3.9)
where
W˜ ≡ (e− iξ)A0 +mF0. (3.10)
Take notice that we have added the constant 2mξ to Lpot as mentioned in previous
section.
♯We have used i∂aDb + i∂bDa − 12gcdFabcDd = 0 and gabDaδ0b = 0.
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3.2 shifted scalar fields
We shift the scalar fields,
A˜a ≡ Aa − 〈〈A0〉〉δa0 . (3.11)
The prepotential F(A) = F(Aata) is expanded in the shifted fields A˜ = A˜ata as,
F(A)=F(A˜+ 〈〈A0〉〉t0)































Similarly, Fab = ∂2F˜/(∂A˜a∂A˜b) ≡ F˜ab, · · · , and gab = (F˜ab − F˜∗ab)/2i ≡ g˜ab. The Ka¨hler





















(A˜aF˜∗a − A˜∗aF˜a) ≡ K˜, (3.14)
Da=−igabf bcdA∗cAd = −ig˜abf bcd(A˜∗c + 〈〈A∗0〉〉δc0)(A˜d + 〈〈A0〉〉δd0)
=−ig˜abf bcdA˜∗cA˜d ≡ D˜a. (3.15)
The superpotential and its derivatives are
W˜ = (e− iξ)A0 +mF0 = (e− iξ)(A˜0 + 〈〈A0〉〉) +mF˜0,




∂a∂bW˜ =mF0ab = mF˜0ab = ∂˜a∂˜bW˜ , (3.16)
where ∂˜a ≡ ∂∂A˜a . Finally, we get the N = 1 U(N) gauge action after spontaneous breaking
of N = 2 supersymmetry,
L N=1
on−shell








































































F˜abcFˇ ∗cλ+aλ+b + i
4


























As a result, the action (3.17) agrees with the action (2.8) except for the superpotential
term and FI term. There is no FI term in (3.17), and the superpotential W = eAo+mF0
get shifted to W˜ = (e − iξ)A˜0 + mF˜0 (we neglected a constant term). Because the
coefficient (e − iξ) in W˜ is a complex number, (3.17) is not invariant under the discrete
R transformation ♯ , so that there is no N = 2 supersymmetry.










































































Component fields (A˜a, λ+a, F˜ a) form massive N = 1 chiral multiplets Φ˜a. Other com-
ponent fields (vam, λ
−a, D˜a) form massless N = 1 vector multiplets V˜ a. The Nambu-












4 Reparametrization and scaling limit
We consider a limit in which the Nambu-Goldstone fermion λ−0 is decoupled from other
fields with the N = 2 supersymmetry breaking to N = 1. If the prepotential F is a
second order polynomial, there are no Yukawa couplings in (3.19) and λ−0 will be a free
fermion. However, derivatives of the superpotential become zero, ∂˜a∂˜bW˜ = mF˜0ab = 0 and
∂˜aW˜ = (e− iξ)δ0a+mF˜0a = (e− iξ)δ0a+m〈〈F0a〉〉 = 0. This means that the superpotential
does not contribute to (3.19) and it preserves the N = 2 supersymmetry. This problem
can be solved by a large limit of the parameters (e,m, ξ), i.e. large limit of electric and
magnetic FI terms.
4.1 reparametrization




























and we see the Λ dependence of the following terms.
F˜ab = 〈〈Fab〉〉+ 〈〈Fabc〉〉A˜c + 1
2!












δab +O(Λ−1) , (4.2)
where














F˜abc and F˜abcd in (3.19) are both O(Λ−1) and they are vanishing at Λ→∞. The Ka¨hler




δab +O(Λ−1) , (4.4)






∗cA˜d +O(Λ−1) . (4.5)
Derivatives of the superpotential W˜ are



















〈〈F ′0ab〉〉+ 〈〈F ′0abcA˜c〉〉+
1
2!


























































+F˜ a∂aŴ + F˜

















































+F˜ a∂aŴ + F˜























































♯We normalize the standard u(N) Cartan generators ti as tr(titj) =
1
2δij , which implies that the







































. We can rewrite the action
(4.8) in superfield formalism as





























d2θŴ (Φ˜) + c.c.
)
, (4.10)
where W˜ is the field strength of V˜ . The factor 2 in the first line comes from the normal-
ization of the standard u(N) Cartan generators.
Note that the Nambu-Goldstone fermion λ−0 , which is contained in the overall U(1)
part ofN = 1 U(N) vector superfields V˜ , is decoupled from other fields in (4.10) . However
the N = 2 supersymmetry is broken to N = 1 because of existence of the superpotential.
We get a general N = 1 action (4.10), it is known as a “softly” broken N = 1 action, from
a spontaneously broken N = 2 action. We conclude that the fermionic shift symmetry in
[2] is related to a decoupling limit of the Nambu-Goldstone fermion.
Let us consider the case withm′ = 0. Then there is no superpotential in (4.10) because
Ŵ is proportional to m′. To keep coupling constant finite, we should put e′ = ξ′ = 0. If
it means m = e = ξ = 0, (2.5) and (4.10) will recover stable N = 2 supersymmetry at
the same time.
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A Supercharge algebra
The N = 2 transformation rule are given by a combination of following transformation







































a = −i√2σmη¯2DmAa −
√
2η2(Fˆ





where spinors ηk(k = 1, 2) are transformation parameters. The N = 2 supersymmetric
transformation rules are δN=2χa = δη1χ
a + δη2χ
a.
We can find the 1st supercurrent Sm1α from the action (2.8). It is given by
η1S
m
1 + c.c. ≡ η1Nm + η1Km + c.c. , (A.1)
where Nm and Km satisfies following relations,





=−η1Nm + c.c. . (A.2)

















nσ¯mψaDnA∗b + · · · , (A.3)
where the dots denote terms involving three fermions . The 2nd supercurrent Sm2α is given
















nσ¯mλaDnA∗b + · · · . (A.4)
♯It is easy to give proof that δη2L = 0 (up to total derivative) with the use of δη1L = 0 and RL =
L|ξ→−ξ . (See [5].)
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(A=1 or 2). (A.5)
It may be irrelevant to denote supercharges as Q1, Q2 because the N = 2 supersymmetry
is broken to N = 1 spontaneously and the supercharge corresponding to the broken
supersymmetry is ill-defined. We ignore this point here and write the divergent part
explicitly.













































































































































where the dots indicate terms involving fermion fields. If there are no FI term and the
superpotential term (i.e. ξ = e = m = 0), above supercharge algebra will satisfy the
ordinary N = 2 algebra.
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To get the resulting N = 1 supercharge algebra, we define Q− ≡ 1√
2
(Q1 − Q2) and
Q+ ≡ 1√
2
(Q1 +Q2) . Anti-commutators of Q



























qσr + iDb)− 2igabDpAaDnA∗bσnσ¯0σp






































qσr + iDb)− 2igabDpAaDnA∗bσnσ¯0σp







This result agree with the supersymmetry algebra in [12]. Finally, we conclude that Q−
is the unbroken generator and Q+ is the broken one.
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